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A convenient trigonometric expression for the eigenfunctions and eigenvalues of 2 x 2 secular 
problems including overlap is presented. 

1. Introduction 

Secular equations occur in many applications of quantum mechanics to the 
electronic structure of atoms and molecules. Using symmetry-adapted basis 
functions, the secular determinant can often be factorised. The simplest non- 
trivial factor is a determinant with just 2 rows and columns. The solution of this 
problem is simple and is given in many textbooks [1-3].  Since the formulae for 
the coefficients (Eq. (5)) are somewhat awkward, it has become customary to use 
them in a more convenient trigonometric form [4]; which however is applicable 
only, if the two basis functions are orthogonal. 

For a nonorthogonal basis, which often is required by the nature of the 
physical problem, no such convenient expressions seem to be available in the 
literature. They are therefore presented in this note. 

2. Secular Problem with Orthogonal Basis 

We collect here the pertinent formulae to facilitate a comparison with the 
results of the next section. 

The wave function is written as a linear combination of the two orthonormal 
basis functions 

I~ = C 1 (]91 ~- C 2 q)2" (1) 

Minimization of the energy expectation value (H )~  with respect to c, and c 2 
then leads to the secular equations 

Cl ( H 1 1 - E ) + c 2 H 1 2 = O  
(2) 

clH* 2 + C2 ( H 2 2 -  E ) =  0 .  

From these we obtain the secular determinant 

HlI-- E HlZ E 
//1"2 H22 = 0 (3) 

with roots 

E+ = 1 (Hl l  _~_//22) _@ ]~(H22 _ H10/2)2 + 1H1212. (4) 
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The coefficients are then obtained from Eq. (2) and the normalization condition 

Cl ~ + d = 1 
C 1 = {½ q- (Hz2 - / - /11) /2  ~Hz2 - H 1 ,)2 _]_ 4 I//1212]} } , (5 a) 

c2= ++_{½~(Hzz-Hlx)/R]//K(g2z-Hll)z+4]H1212l} ~ . (5b) 

The last two equations are somewhat awkward, especially if one does not wish 
to calculate the % but only wants to get an idea of their magnitude from quali- 
tative considerations. 

If we write the two solutions (1) in the trigonometric form 

~p_ = cos0 qh + sin0 Cz, (6a) 

%0+ = sin0 ~o I - cos0 rpz, (6b) 

then the normalization of %0+ and %0_ as well as their orthogonality are auto- 
matically assured and a comparison with Eqs. (5 a, b) leads to 

C sin 2 0 = - HI 2, (7 a) 

C cos2 0 --- (H2z- H,J/2, (7b) 

2C = ] / ( H ~ 2  - Ha ,)2 + 41/41212, (7c) 

from which the angle parameter 0 can be determined. The two energies (4) are 
nOW 

e +  : ½ ( E  ~ + H~J  + c .  (8) 

The following points are useful for qualitative discussions of the solution (6a, b): 
(a) We will assume that the basis functions ~0i are real and that ~o z has the 

higher energy (i.e. H22 >_ Hll, HlZ real). 
(b) 0 is then real and its sign is opposite to that of//12- For/ /12 negative - the 

usual case in quantum chemistry - the wave function %0_ with the lower energy 
is an in-phase-combination and %0+ an out-of-phase combination of the two 
basis functions. For  positive//12 the situation is reserved. 

(c) It follows from (7a, b) that for nondegenerate states (//11 < H2J  the angle 
101 < 45 °. This means that in the "lower" solution qh and in the "higher" solution 
q)2 makes the larger contribution. For degenerate states (/411 = H 2 J  0=45  ° and 
both solutions are 5 0 -  50-mixtures of (0, and (o z. 

1 - $ 2 2  

3. Secular Problem with Non-Orthogonal Basis 

Corresponding to Eqs. (2)-(4) we now have 

C l ( H l l - -  E)-b c 2 ( H 1 2 -  $12E  ) = 0 

c1 (Hi* 2 -- S* 2 [ )  + c 2 ( H 2 2 -  E) : 0 ,  

H l l - E  H12-S12E 
H.z_ S,aE Ha2- E = 0 ,  

e+_ - 1 { I ( u , l + H 2 2 _ 2 S I z / _ / 1 2 )  

(2') 

(3') 

(4') 
+_ V((H~ ~ + H~ ~ - 2 s~ ~ H~ j/2) ~ + (i - S~ ~) (H~ - nix- ~ j}. 
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$12 = 0,~=90 ° S12 = c o s ~ *  0 

Fig. 1. Relation between basis functions ~01, ~o 2 and wave functions 9 - ,  ~P+ in a 2-dimensional vector 
space. Note that for both orthogonal  and non-orthogonal  basis functions 9+ is obtained from ~p_ 

by changing 0 to 0 - 9 0  ° 

The Eqs. (5') for the coefficients are even more  cumbersome  and will therefore 
not be given. 

The der ivat ion of the t r igonometr ic  solut ion will only be sketched, since it 
is the final result only that  is of interest. 

The general isat ion of Eqs. (6a, b) turns out  to be (cf. Fig. 1) 

~0_ = (sin(~ - 0) ~o 1 + sin0 q)2)/sinc~, (6a') 

(p+ = (cos(e - 0) ~Pt - cos 0 q~2)/sin c~ (6b') 

where 
S12 : COS ~ . 

To obtain  the equat ions  for the angle pa rame te r  0 corresponding to (7a, b) 
the following procedure  different f rom that  of Sect. 2 was found more  convenient.  
One  calculates the energy expect ion value with ~p_ of (6a') and  puts its derivative 
with respect  to 0 equal  to zero. This procedure  leads to 

Cs in2  0 = sine(H1 a cos~ - H12), (7a') 

C cos 2 0 = cos e (//11 cos e - H I 2 ) + ½ (//2 2 - / / 1 1 )  (7b') 

c = s 2)(Hll Sl 2-/412)2 + H10/2 + Itll S L -  2)2}. 

The energy expression (4') now becomes 

E_+ = [½ ( H  I 1 "[- H22)  - H12 c o s  ~ -]- C ] / s i n  2 a .  (8') 

These results can be checked by put t ing ~ = 90 °, i.e. S~ z = 0 when the corresponding 
results of  Sect. 2 are recovered.  

The following points  should be noted  in using the t r igonometr ic  solut ion 
(6a', b'): 

(a') With  the assumpt ions  of (a) of Sect. 2 we note, that  we can choose the 

basis functions such that  S~ 2 > 0, leading to 0 < a _< ~ .  
- 2  

(b') 0 is again real and  f rom Eq. (7 a') its sign is the same as that  ofHx ~ cos~ - H12. 
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(c') We still have the l imitat ion [0l < 45 °; the contr ibut ions of ~o a and (192 to 
~p+ and ~p_ for the nondegenera te  case are given by the t r igonometr ic  ratios in 
Eqs. (6a', b'). Fo r  the degenerate  case (H 11 = Hzz), we obtain from Eqs. (7a', b'), 
that  0 = e/2 < 45 °. In this case, Eqs. (6 a', b') simplify to 

~P- = (q~l + (P2)/] /2 ( 1 + $12) 

= ( <  - s 1 2 )  

and (8') becomes 

a wel lknown result. 

Hll T H12 E+- 
1~-$12 
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